Em(a + 1) + Em(a) = 2a™.
In particular, we have in the notation of Norlund [3, Chapter 2] (1.2) Cm = 2™£m(0), Em = 2mEm(l/2).
Let p be an odd prime, a and c fixed rational numbers that are integral (mod p); moreover c^O (mod p). Put (1. 3) em = cmEm(a).
Then it is well known that the rational numbers em satisfy Kummer's con- for all m and fixed k; (ii) the least positive u such that
for all m, r and fixed k; (iii) the least positive / such that
for all w and fixed r, k, where w = pk~1(p -1).
We shall show that for (1.6) and (1.7) p = p-1; for (1.8) we show that t = r provided 2»^2 (mod p2) and p^2r2 + l. For (1.9) and (1.10) we show that p = p*-1(p -1) provided p>3; for (1.11) we show that t = r provided 2pf_2 (mod p2) and pS>2r2 + l. It is then clear what is meant by saying that (1.4) is best possible; similarly for (1.5) with w = ph~1(p -1). While (1.6), (1.7), (1.8) are special cases of (1.9), (1.10), (1.11), respectively, it is convenient to treat separately the indicated cases. We observe that in certain of the results enumerated above, the case of small p is left open. A special discussion of (4.3) below when p = 3 suggests that some of the general results may indeed require modification for small values of p. It should be observed that if m in (1.4) or (1.5) is restricted to an arithmetic progression, then the theorems of this paper no longer apply. For a special result of this nature see Theorem 9 below.
2. In order to show that u in (1.6) is equal to p-1 we require the following preliminary result. Put 3. We now prove Theorem 1. Assume that the numbers em defined by (1.3) satisfy the congruence If we assume k<p-1, it follows from (3.1) that 7>p = 0 (mod p). Since this contradicts (2.2), the theorem is proved.
As an immediate corollary of Theorem 1 we have for all re? SI, is ri = p -1.
Turning next to the congruence
for all m and fixed r, we assume that p is the smallest positive integer for which (3.2) holds. It follows that
for all m>l.
The polynomials (1-x")r and 1-xp_1 have a greatest common divisor (mod p) of the form 1-xd, where d\p-1. Thus there exist polynomials A(x), B(x) with integral coefficients such that
Consequently
we get (symbolically) em(l -e")M(e) + em(l -ep~l)B(e) = em(l -e?) (mod p).
Using Clearly 1 StSr; also if (4.1) holds for a certain / it will hold for all larger t.
Hence it will suffice to show that
L. CARL1TZ AND JACK LEVINE [July for all m and any fixed t^l is impossible. We first examine the case t = l, namely the congruence
Since, for all m, Em(a+p)=Em(a)+mpEm-.i(a) (mod p2), it follows from (1.3) and (4.3) that
Then, using (4.3) and (4. 
where at the last step we have used (2.6). Consequently Consequently a= (mod p)/2; by (4.10) this implies 1 (4.11) a = -(modp2) (j0 9* 0, p -1).
Also (4.10) yields In the third place since Em(l) = -Em(0) for mi SI, it is clear that (4.13) and (4.12) are equivalent cases. We have therefore proved the impossibility of (4.3) for all *S5. We may state for all reiS2, the assumption that These TV numbers are distinct (mod p2) so that we have a contradiction. Hence we have proved the assertion about (5.9). For the proof compare
Vandiver [4] .
It therefore follows that (5.6) is impossible when N>t, or, what is the same thing, when (5.12) p Sr 2(t + l)2 + 1.
We have now proved the impossibility of the congruence (4.2) subject to the condition (5.7) and (5.12). We may accordingly state the following Thus the impossibility of (4.3) for p>3 implies that for all re?S4 is impossible (p>3). Generally, by means of (6.4), an easy induction shows that (6.5) gm^-tP-n -l) = 0 (mod *t+1) for all rezSfe+1 is impossible when *>3.
In the congruence (6.6) em+" m em (mod (*m, **)), it is clear from Theorem 2 that * -l|p. Therefore, applying the result obtained for (6.5), we may state Theorem 6 (p>3). The least positive integer u such that (6.6) holds for all m and fixed k S1 is given by for m = m0 (mod * -1), reiSw0.
In particular, since
Fp+i s £2 = -1 (mod *),
we can determine an integer c such that (7.1) C-'Fp+i = -1 (mod *2).
Hence, if we put for all (7.4) m = 2 (mod * -1), ret S 2.
